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WhatWhat isis a a phasephase transitiontransition??
A A phasephase transitiontransition isis aa
qualitative qualitative changechange inin
thethe propertiesproperties of aof a
systemsystem drivendriven byby thethe
variationvariation of an of an externalexternal
controlcontrol parameterparameter.. T
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examplesexamples::
•• transitionstransitions betweenbetween solid, liquid and solid, liquid and gaseousgaseous
•• transitiontransition of a metal of a metal fromfrom thethe normal normal conductingconducting
to to thethe superconductingsuperconducting statestate

•• transitiontransition of a of a ferromagnetferromagnet intointo thethe paramagneticparamagnetic
statestate at at thethe Curie Curie temperaturetemperature

[6][6]



FirstFirst--orderorder phasephase transitionstransitions
at at thethe exampleexample of a of a fluidfluid systemsystem
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ContinuousContinuous phasephase transitionstransitions

phasephase diagramdiagram of a of a ferromagnetferromagnet

exampleexample::
ferromagneticferromagnetic transitiontransition of iron at 770of iron at 770°°CC
order order parameterparameter: total : total magnetizationmagnetization mm

order order parameterparameter
in in thethe orderedordered phasephase
in in thethe disordereddisordered phasephase0=

0≠

T

m

cT
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CriticalCritical phenomenaphenomena
0≠

cτ

ξ

fluctuationsfluctuations of of thethe order order parameterparameter

typicaltypical lengthlength scalescale of of spatialspatial correlationscorrelations
correlationcorrelation lengthlength

typicaltypical time time scalescale forfor decaydecay of of fluctuationsfluctuations
correlationcorrelation timetime

and     and     divergediverge in in thethe vicinityvicinity of of thethe
criticalcritical point point dependingdepending on on powerpower lawslaws

criticalcritical phenomenaphenomena
modelmodel systemsystem ofof
localizedlocalized spinsspins

ξ cτ

[7][7]

systemsystem isis scalescale--invariantinvariant

[14][14]



CriticalCritical exponentsexponents
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correlationcorrelation functionfunction
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criticalcritical isothermisotherm
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universalityuniversality
criticalcritical exponentsexponents areare thethe samesame forfor
entireentire classesclasses of of phasephase transitionstransitions
in a in a widewide varietyvariety of of physicalphysical systemssystems

criticalcritical exponentsexponents forfor magnetsmagnets
order order parameterparameter: : magnetizationmagnetization mm
conjugateconjugate fieldfield: : magneticmagnetic fieldfield BB
tt distance distance fromfrom thethe criticalcritical pointpoint
dd spacespace dimensionalitydimensionality

[2][2]



Quantum Quantum phasephase transitionstransitions

fundamental fundamental changechange in in thethe groundground statestate of of thethe systemsystem
causedcaused byby thethe variationvariation of a of a nonnon--thermalthermal parameterparameter rr

occuroccur at T=0at T=0

r
cr

0

quantum

r
cr

0

quantumquantum
ordered

thermally
disordered

disordered disordered

critical
quantum
critical

thermally
disordered

T T

QCPQCP

universalnon − universalnon −

)0( =Tatordered critical
classical

Order also Order also existsexists atat
finite finite temperaturetemperature

Order Order onlyonly existsexists atat
zerozero temperaturetemperature

order order destroyeddestroyed byby quantumquantum fluctuationsfluctuations
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replacementreplacement of          of          byby
creationcreation of of holesholes
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Heavy Heavy fermionfermion compoundscompounds
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quantum
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NT
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Fermi
liquid

= = intermetallic compounds with an incomplete filled electronicintermetallic compounds with an incomplete filled electronic
f shell, like Ce, Yb or U compounds showing stronglyf shell, like Ce, Yb or U compounds showing strongly
renormalized Fermi liquid properties at low temperaturerenormalized Fermi liquid properties at low temperature
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BoseBose--HubbardHubbard modelmodel
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examplesexamples: : 
•• bosonicbosonic atomsatoms onon
an an opticaloptical latticelattice

•• JosephsonJosephson junctionjunction
arraysarrays

iiUU ≡
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Quantum Quantum IsingIsing modelmodel
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exampleexample::
magneticmagnetic propertiesproperties ofof
at at lowlow temperaturestemperatures
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ionicionic crystalcrystal withwith an an easyeasy
axisaxis forfor thethe spinsspins of of thethe
Holmium Holmium atomsatoms



QuantumQuantum--classicalclassical mappingmapping
in in manymany casescases dd--dimensional dimensional quantumquantum systemssystems cancan bebe mappedmapped
ontoonto d+1d+1--dimensional dimensional effectiveeffective classicalclassical systemssystems
exampleexample: : quantumquantum IsingIsing modelmodel

sizesize of of thethe extra extra dimensiondimension determineddetermined byby βh

quantumquantum effectseffects areare alwaysalways importantimportant
divergesdiverges forfor T    0T    0



QuantumQuantum--classicalclassical mappingmapping
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closeclose to to thethe criticalcritical pointpoint βτ h>c

systemsystem realizesrealizes thatthat itit isis
notnot d+1d+1--dimensionaldimensional
crossovercrossover fromfrom quantumquantum toto
classicalclassical behaviourbehaviour

finite finite forfor T>0T>0



introductionintroduction of an of an imaginaryimaginary time time directiondirection
usingusing pathpath integral integral formalismformalism
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ˆβ− h/ˆτHie−operatoroperator densitydensity

matrixmatrix
timetime--evolutionevolution

operatoroperator

βτ hi−=introductionintroduction of of imaginaryimaginary timetime
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Partition Partition functionfunction

doesndoesn‘‘tt factorizefactorize

staticsstatics and and dynamicsdynamics of a of a quantumquantum
systemsystem areare alwaysalways coupledcoupled

and     and     dondon‘‘tt commutecommute in in generalgeneral
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HamiltonianHamiltonian



generalgeneral distributiondistribution of of fieldsfields and and bondsbonds

DisorderedDisordered systemssystems

ig 1, +iiJ

HamiltonianHamiltonian forfor 11--dimensional dimensional systemsystem
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couplingscouplings varyvary fromfrom point to pointpoint to point
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RenormalizationRenormalization groupgroup analysisanalysis
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RenormalizationRenormalization groupgroup analysisanalysis
decimationdecimation procedureprocedure isis thethe basicbasic renormalizationrenormalization groupgroup
transformationtransformation

iterationiteration of of thethe transformationtransformation tilltill maximummaximum remainingremaining couplingcoupling
isis of of thethe order of order of thethe energyenergy at at whichwhich thethe systemsystem isis probedprobed

probabilityprobability distributionsdistributions areare renormalizedrenormalized

different different bondsbonds and and fieldsfields remainremain independent independent randomrandom
variablesvariables

eacheach stepstep reducesreduces thethe numbernumber of of thethe sitessites and and thethe numbernumber ofof
thethe bondsbonds byby oneone



ResultsResults



ResultsResults



SummarySummary
quantumquantum phasephase transitionstransitions occuroccur at T=0at T=0

forfor a a quantumquantum systemsystem staticsstatics and and dynamicsdynamics areare alwaysalways coupledcoupled

in in manymany casescases dd--dimensional dimensional quantumquantum systemssystems cancan bebe
mappedmapped ontoonto d+1d+1--dimensional dimensional effectiveeffective classicalclassical systemssystems

criticalcritical exponentsexponents controlcontrol thethe behaviourbehaviour of of thethe systemsystem in in thethe
vicinityvicinity of of thethe criticalcritical pointpoint

systemssystems maymay bebe assignedassigned to different to different universalityuniversality classesclasses withwith
commoncommon criticalcritical exponentsexponents
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